We address the question that if π1-surjective maps between closed aspherical 3-manifolds have the same rank on π1 they must be of non-zero degree. The positive answer is proved for Seifert manifolds, which is used in constructing the first known example of minimal Haken manifold. Another motivation is to study epimorphisms of 3-manifold groups via maps of non-zero degree between 3-manifolds. Many examples are given.
Introduction and Some Examples
surgeries on these gives the required family, see [2] .
In fact it can be seen directly that the map realizing φ must be of zero degree since such a map factors through a 1-dimensional complex.
As a consequence of these examples, we state the following more refined version of the question posed above: f * is surjective implies f * is an isomorphism. Since M is aspherical f must be a homotopy equivalence, and so, in particular, f is of degree one. Thus the question above is a kind of generalization of the Hopfian property: the condition "homeomorphic manifolds" is replaced by "manifolds of the same rank", the condition "π 1 -surjective" is replaced by "π 1 -surjective"
or "π 1 -finite-index", and in conclusion replace "degree one" by "non-zero degree". It is easy to construct examples to show that "non-zero degree" cannot be sharpened to "degree one", see the examples in Section 3.
One of the main results of this paper is to prove that Question 1.5 has a positive answer for Seifert fibered 3-manifolds (see Theorem 2.1 and Remark 2.4).
In Section 4 we use this result to construct the first known example of a Haken 3-manifold which is minimal with respect to degree 1 mappings in Thurston's picture of 3-manifolds (Theorem 4.1). The manifold is a graph manifold built from the union of two trefoil knot complements.
An orientable 3-manifold M is minimal if given a degree-one map f : M → N implies either N = S 3 or M = N . Usually it is difficult to tell if a 3-manifold is minimal. We remark that all minimal Seifert manifolds are non-Haken and that the known minimal hyperbolic 3-manifolds are also non-Haken, see [1] , [3] and [4] for a further discussion of such matters.
We are also motivated by the following:
(C) Given K, there is a number N K such that any sequence of epimorphisms of knot groups
(D) Given K, there are only finitely many knot groups G for which there is an epimorphism Thus it seems natural to study the conjectures of J. Simon for closed orientable 3-manifolds (Question 3.1 in Section 3). We find that the positive answer for Question 1.5 is important for studying the conjectures. This will be addressed in Section 3. To prove Theorem 2.1, we will make use of Rong [11] ; in particular, we refer the reader to [11] for the definition of a vertical pinch, a squeeze, a squeeze torus, and vertical squeeze.
Suppose T is a vertical torus in a Seifert manifold M with induced S 1 fibration. Let C be a circle on T which meets each S 1 fiber in exactly one point. Then T can be parameterized as Suppose O has k singular points of index v i , i = 1, ..., k, with the underlying space of genus g and the degree of f is n. Then we have
For the case g = 1, the verification is direct, so we assume below that g > 1.
If n = 2 then all v i = 2, k = 2m and we have 2 − 2g = 2(2 − 2g − m), i.e., g = 2g + m − 1. Now rank(π 1 (F )) = 2g = 4g + 2m − 2 and the rank(π 1 (O)) is at most 2g + 2m − 1 if g > 0 and is 2m − 1 if g = 0 by [12, Theorem 4.16.1] . In any case, the lemma follows. Proof of Theorem 2.1 Suppose f is of zero degree. For clarity, the proof is divided into three steps.
Step (1) We prove the following Claim: f (h) is homotopically non-trivial, where h is the regular fiber of M 1 . 
Proof of Claim
there is a set of generators of G 1 which realizes the rank and contains at least one torsion element;
where T is the normal subgroup normally generated by the torsion elements and G 1 /T is a surface group.
If f (h) is homotopically trivial, then f * : π 1 (M 1 ) → π 1 (M 2 ) induces an epimorphism φ :
In Case (1), the Claim is clearly true.
In Case (2), the Claim is also true since π 1 (M 2 ) is torsion free.
In Case (3), f * induces an epimorphism φ :
map which realizes φ . Since φ is not injective, (otherwise φ would be an isomorphism and π 1 (M 2 ) would be a surface group), by the simple loop theorem for maps from a surface to a Seifert manifold [14] , there are essential simple loops in the kernel of φ . Assume first there is an essential non-separating simple loop, which we denote by α, in the kernel. Then the map f induces a map f : F → M 2 , where F is a complex obtained by squeezing F along α. It is easy to see that the rank of π 1 (F ) is r − 1. We reach a contradiction. If all essential simple loops in the kernel of φ are separating, let α be a maximal family of non-parallel separating essential simple closed curves in kernel φ . Again f can factor through f : F → M 2 , where F is a complex obtained by squeezing F along α, which is a union of closed surfaces connected by arcs.
Let S be a surface in F . Due to the maximality of α, the restriction f | S is π 1 -injective, which must be either horizontal or vertical by [14] 
is the fiber map. But the rank of π 1 (S) is at most r − 2. This is also ruled out by Lemma 2.3. If f | S is vertical for each surface S of F , then F contains, at most, g such surfaces and each of them is a torus. Clearly the rank of f * π 1 (F ) is at most g + 1, which is at most r − 1 (since g > 1 and r ≥ 2g). Again we reach a contradiction.
Step (2) We will factor f :
Since f (h) is homotopically non-trivial and f * is surjective, a standard argument in 3-manifold topology shows that f : M 1 → M 2 can be deformed to be a fiber-preserving map (see [15] for example). Suppose the mapping degree is zero. We can further deform the map so that the image f (M 1 ) misses a regular fiber h of M 2 . To see this, f : M 1 → M 2 is fiber preserving.
We can further deform f so that for each singular fiber of M 2 , its pre-image consists of finitely many fibers of M 1 . Let S i be the union of singular fibers of
from M 1 and remove f (S 1 )∪S 2 from M 2 . The restriction of f gives a proper map f :
which is a fiber-preserving map between circle bundles. Since f is assumed to be of degree zero, f is of zero degree. Since f (h) is non-trivial, the induced proper mapf :
base surfaces must be of degree zero. Hencef can be deformed so that its image misses a point of F 2 . This deformation can be lifted to the bundle map f whose image then misses a circle fiber in M 2 . With this we reach the situation claimed above.
Now remove an open-fibered neighborhood of h , and denote the resulting manifold by N .
Then we have a fiber-preserving map f :
According to Lemma 2.2, either f : M 1 → N admits a standard squeeze along an incompressible vertical torus, or f (M 1 ) ⊂ a fiber of N . Using this we can reformulate the above so that either f : M 1 → M 2 admits a standard squeeze along an incompressible vertical torus, or
Since f is π 1 -surjective, and M 2 is an closed aspherical Seifert fiber space, the situation,
Let T be a maximal family of disjoint non-parallel incompressible tori along which f admits a standard squeeze. Let X 1 = Q ∪ A be the space obtained after the squeezing, where Q is a union of Seifert fiber spaces with the induced Seifert fibration, A is a union of annuli and ∂A is a union of regular fibers of Q (due to a standard squeeze). Then f induces a π 1 -surjective map X 1 → M 2 , which we continue to denote by f .
Suppose first g > 0. Then f admits a standard squeeze along a non-separating torus (Indeed by arguments before, we can assume that f is fiber preserving and the image of f misses a regular fiber of M 2 . Then f induces a mapf from a closed surface Σ g to a punctured surface, and it is known thatf admits a squeeze along a non-separating circle C on Σ g , which will provide a non-separating squeeze torus of f , and then the squeeze can be chosen to be standard by Lemma 2.2). Moreover, if X 1 is obtained from M by a standard squeeze along a non-separating torus, then the rank of π 1 (X 1 ) is r − 1, which will be a contradiction.
Below we assume that g = 0. Then every squeeze torus is a separating torus. And therefore, each annulus in A is separating. We will also verify the following
Representing each component of Q by a vertex and each component of A by an edge, we get a connected tree G of v = k 1 + k 2 vertices, and at least k 2 vertices have valence at least 3.
Then the number of edges e is at least
. By the Euler characteristic formula we have
By the maximality of T , each Q i contains no squeeze torus for f | Qi , so we have that f (Q i ) ⊂ a fiber of M 2 , and consequently we have the following Fact 3 Each Q i has base orbifold S 2 and has no more than 3 singular fibers (otherwise, there will be a squeeze torus).
where S is a union of v = k 1 + k 2 circles, which are amalgamated by e annuli. Hence π 1 (X) has a presentation of k 1 + k 2 generators with e relations. Therefore its rank r X is at most k 1 + k 2 .
Step (3) We will show that r X < r and then reach a contradiction. If M 1 is of type II, then r = k − 1 and k ≥ 3, but 
Proof Now π 1 (O 1 ) is generated by torsion elements. So
Step 1 in the proof of Theorem 2.1 is passed.
Let r, k, r X be defined as in the proof of Theorem 2.1, and r 2 be the rank of π 1 (M 2 ). If
is π 1 -surjective map and is of zero degree, then r + 1 = k ≥ 2r X ≥ 2r 2 by the end of the proof of Theorem 2.1.
Remark In Theorem 2.1, the condition "f is π 1 -surjective" can be replaced by "f is π 1 -finite-index", and the condition "orbifolds are orientable" can be removed. For details see [16] , where the proof is parallel to the proof above, but involves a more complicated case by case argument.
Also the proof in [16] Proof We may assume that the map f has been deformed to be a fiber-preserving map.
(a) Special Case. We first prove that when both M 1 and M 2 are circle bundles, and f :
If f is of π 1 -finite index, then we have a π-surjective liftf : M 1 →M 2 of f . By the rank consideration, the genus of the orbifold ofM 2 must be also g. So below we assume that f is π 1 -surjective.
Let t 1 and t 2 be circle fibers of M 1 and M 2 , respectively. The restriction f | on the fiber t 1
is not null-homotopy. Otherwise we have an epimorphism φ =f * • p : 
Since both p 1 , p 2 and f are of π 1 -finite index,f is of π-finite index. By the special case we considered,f is of non-zero degree. So f is of non-zero degree.
On Epimorphisms Between 3-Manifold Groups
In this section we study the following questions:
Question 3.1 Let M i be closed orientable aspherical 3-manifolds. Suppose there is an nontrivial epimorphism φ : 
(C2) Does any infinite sequence of epimorphisms Let M be a closed orientable 3-manifold and k ⊂ M be any hyperbolic fibered knot. Suppose the fiber F has genus g. Let M n be the n-fold cyclic branched cover of M over the knot k.
Then the rank of π 1 (M n ) is bounded by 2g + 1 for all n and M n is hyperbolic when n is large.
If k|n, then M n → M k is a branched cover, which is π 1 -surjective. So there must be infinitely many π 1 -surjective branched coverings M n → M k between hyperbolic 3-manifolds of the same ranks.
A well-studied case is when M n is the n-fold cyclic branched cover of the figure-eight knot. Then for n ≥ 3 the fundamental groups are all 2-generator, in fact, they are the Fibonacci groups F (2, 2n) (see [17] for example), which are all hyperbolic if n ≥ 4. By abelianizing F (2, 2n) we see that all M n have their first Betti number zero (see [17] for example). , n) 
then we have the sequence of epimorphisms 
of length l + 1, where l can be arbitrarily large.
The next result gives a partial positive answer to (C2) of Question 3.1.
Theorem 3.4 Given M 0 , and a sequence M i of closed orientable aspherical Seifert manifolds with epimorphisms
π 1 (M 0 ) → π 1 (M 1 ) → .... → π 1 (M n ) → ..
., this sequence contains an isomorphism.
Proof By passing to an infinite subsequence, we may assume that all groups in the sequence have the same rank (each epimorphism in the subsequence is the composition of epimorphisms involved). Then each epimorphism φ i : 
of Fuchsian groups. We therefore have a decreasing sequence (1) Any infinite sequence of epimorphisms 
Proof (1) By passing to an infinite subsequence we may assume all π 1 (M i ) have the same rank. Since we assume that Question 1.5 has a positive answer for hyperbolic 3-manifolds, this sequence is realized by a sequence of non-zero degree maps Soma's theorem [20] , there are only finitely many such M i .
Remark Without the assumption that Question 1.5 has positive answer for hyperbolic 3-manifold, Proposition 3.5 (1) has been proved in [21] . Indeed, after discussing with D. Cooper, we tend to believe that Question 1.5 should have a negative answer for hyperbolic 3-manifolds, but we do not have complete argument yet.
We also note the following partial positive answer to (D) of Question 3.1 follows easily from the methods of Reid and Wang [4] : Theorem 3.6 Suppose M is a non-Haken hyperbolic 3-manifold. Then there are only finitely many closed orientable hyperbolic 3-manifolds M i for which there is an epimorphism
Proof As in [4] we use the character variety of M to control possible target groups. Briefly if there are an infinite number of M i as in the statement of the theorem, we can produce a curve of characters C in the character variety of M . By degenerating to a point at infinity of C we getting a splitting of the group and hence an embedded incompressible surface in M (see [22] and [4] for more on this). This is a contradiction.
A Minimal Haken Manifold
Let E be the exterior of a trefoil knot with m the meridian and l the longitude. E has a unique Seifert fibration with two singular fibers of indices 2 and 3, over the disc. Via this Seifert structure, we have a presentation
where t is the regular Seifert fiber. Let E 1 and E 2 be homeomorphic to E with meridian and
2 . Let M denote the resulting manifold, which is a closed graph manifold. The main theorem of this section is: We begin the proof by collecting some elementary facts.
Lemma 4.2 (1) For any representation
and φ(t) = λ 6 . Proof The main part of (1) follows from [23, Prop. 3] and the fact that H 1 (E, Z) is cyclic. (2) and (3) and the remaining parts of (1) are just direct calculations. Finally, to establish (4) we observe the following. Since the trefoil knot is 2-bridge E cannot contain a closed embedded essential surface by [24] . If M contained an embedded incompressible surface = T , it would follow from the remark above and the gluing homeomorphism that E would have a boundary Case (2) Without loss of generality, we may assume that φ(t 1 ) = 1 and φ(t 2 ) = 1. By (1) and (2) of Lemma 4.2, φ :
, where G is generated by two groups described in (a) and (b) below: 
Suppose there is a homomorphism µ : G → A 5 . Since the order of c i is 37, and A 5 has order 60, under the homomorphism µ the images of c 1 and c 2 must be trivial. It follows that µ : G → A 5 can factor through the group G , The proof of Lemma 4.5 requires a sequence of additional lemmas. We suppose below that N is a Seifert manifold with infinite π 1 . By Lemma 4.3, we may assume that N is non-Haken.
Hence N must be a Seifert manifold with three singular fibers over S 2 .
We begin by establishing: Proof (1) Let x , y be the order 2 and order 3 elements which generate π 1 (2, 3, l) such that x y is of order l. Use x and y to denote their images in PSL(2, R), then x and y generate the image of φ. Since the image of φ is of finite index in ∆, it must be co-compact and of rank 2.
By the well-known facts, the image is a triangle group with x 2 = y 3 = (xy) k = 1, where k|l. can be presented as a non-trivial free product with amalgamation by the classical result (see [22] for example). It follows that N will be Haken, contrary to Lemma 4.3. Thus without loss of generality, we assume that f | * (π 1 (N 1 )) = π 1 (N ).
Lemma 4.5.3 f | N2 is of non-zero degree.
Proof LetẼ be the covering of N corresponding to f | * (π 1 (N 2 )). Then f : N 2 → N lifts tõ f : N 2 →Ẽ, which is π 1 -surjective. If f | * (π 1 (N 2 )) ⊂ π 1 (N ) is of finite index, thenẼ is a closed Seifert manifold. Since both π 1 (N 1 ) and π 1 (N ) are of rank 2, π 1 (Ẽ) must also be of rank 2.
Thenf is of non-zero degree by Theorem 2.1. Hence f | N2 is of non-zero degree.
Below we show f | * (π 1 (N 2 )) ⊂ π 1 (N ) must be of finite index. OtherwiseẼ is a non-compact, aspherical Seifert manifold, for which it is known that either the rank of H 1 (Ẽ) is positive or π 1 (Ẽ) is trivial. Since f | * (π 1 (N 2 )) is not trivial and N 2 is a rational homology sphere, all of the above cases are ruled out. So f | * (π 1 (N 2 )) must be of finite index in π 1 (N ). is a hyperbolic triangle group π 1 (2, 3, k ) with k |6q + p by Lemma 4.5.1(1); moreover, k |k. It is easy to see that k is a divisor of both 12q and 2p. Since p and q are coprime, the great common divisor of 12q and 2p is 12. So k is either 2, or 3, or 4, or 6, or 12. Then N can not be an integer homology sphere by Lemma 4.5.1(2).
